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Abstract 
Damage tolerance is of critical importance to laminated composite structures In this paper, we present a . 
new semi-analytical method for predicting the strain at which delamination propagation will initiate 
following sublaminate buckling. The method uses a numerical strip model to determine the thin-ﬁlm 
buckling strain of an anisotropic sub-laminate created by delamination, before evaluating the strain energy 
release rate for delamination propagation. The formulation assumes that all energy is available for 
propagation in a peeling mode (Mode I); avoiding an approximate mixed-mode criterion. Results are 
compared with twelve experimentally obtained propagations strains, covering a variety of laminates each 
containing a circular PTFE delamination. Comparison shows agreement to within 12% for balanced 
sublaminate tests in which delamination propagation occurred before intra-ply cracking. The method can be 
used to signiﬁcantly improve the damage tolerance of laminates, opening up new opportunities for 
structural eﬃciency using elastic tailoring, non-standard ply angles and material optimisation. 
Keywords: damage tolerance; delamination; CAI; modelling; impact; buckling 
1 Introduc on 
Aerospace engineers are always in search of design tools that help them reliably and quickly achieve mass 
and cost savings by reducing the extent of overdesign, which is often a consequence of lack of conﬁdence 
in the accuracy of predictive models. This is particularly true for aerospace structures where material 
innovations in carbon ﬁbre reinforced laminates theoretically allow for signiﬁcant mass savings. However, 
their true potential is often diﬃcult to realize in practice, because of vulnerability to barely visible impact 
damage (BVID). In the absence of adequate design methodologies, conservative strain limits can lead to 
component strengths that are less than half of the equivalent value of aluminium [1]. 
The topic of barely visible impact damage and its inﬂuence on compression after impact (CAI) strength has 
received signiﬁcant attention from the composites research community. Despite this signiﬁcant volume of 
research there is little for the designer to use in terms of an actual theory that allows reliable and robust 
design for CAI strength. A few analytical studies have been conducted ] However, most articles focus [ -52 . 
on either: (i) experimental evaluation of the damage mechanisms (see for example [6 8]) or (ii) high –
ﬁdelity Finite Element modelling and comparison with experiments (see for example [9 12]).  While these –
papers present important analysis techniques and results, they do not equip the designer with a cost effective 
tool to solve the design problem. In particular, we note that although FE analysis using high ﬁdelity 
cohesive elements and non-linear dynamic analysis [9 11] can be used reliably for detailed analysis and –
bench marking for a particular problem, the associated computational and model setup cost make it 
unsuitable for design. Thus, this paper aims to address this gap in understanding by presenting a semi-
analytical methodology to predict CAI strength suitable for design use. 
We consider the compressive loading of a laminate with a sub-surface delamination. Critical delamination 
typically occurs at a below surface depth of 10 to 20% of laminate thickness due to low velocity and low 
energy in-service impact on composite structures [13]. Other damage mechanisms such as transverse micro-
cracking may also occur but these are structurally less harmful for compression panels and are thus ignored 
in this model. Under compressive loading the thin sub-laminate caused by delamination tends to buckle and 
form a blister. It has been established through experiments (e.g. [14 17]) that suﬃcient structural integrity –
is retained until the blister starts to grow, which happens when the underlying delamination grows. The 
model presented in this paper predicts the strain required for the growth of delamination (threshold strain) 
by comparing the elastic strain energy released when the post buckled sub-laminate grows, with the Strain 
Energy Release Rate (SERR) required to extend the crack. Unlike our previous 1-dimensional model 
[14,18,19], the new model uses the full 2-dimensional form of the strain energy equation and applies it  to
elliptical propagation. This factor plays a signiﬁcant role in predicting the threshold strain for some cases 
and results in a model which  is simple to implement and can quickly and reliably generate a threshold 
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strain for designing structures that have been subjected to BVID and are expected to operate primarily 
under compression but with any (general) combination of bi-axial strain.  
Past analytical studies [2-5 use thin-ﬁlm modelling assumptions, which ignore any eﬀect of the ] 
sublaminate buckling on the full laminate. This assumption is considered to be appropriate when (i) 
sublaminates are 10-20% of full laminate thickness, and (ii) full laminates do not buckle. Chai & Babcock 
presented an analytical method for propagation of a delamination in an isotropic strut [2] giving a total 
SERR to compare with Mode I fracture criterion. They later extended this technique to a method for an a 
elliptical delamination in an orthotropic plate using Rayleigh-Ritz approach to produce the out-plane a 
displacements [3]. This was covered by Hutchinson and Suo’s comprehensive review [4]. Flanagan [5] 
produced an identical 2D physical model to Chai and Babcock but simpliﬁed the approximations with the 
use of an integrated SERR around the crack front. Whitcomb showed that the ratio of Mode I to Mode II 
SERR components decreases with increasing load above buckling as well as initial imperfection (buckling 
amplitude) for a simple 1D case of sublaminate buckling using thin-ﬁlm solutions for the post-buckle with 
FEA to analyse the crack tip [20], confirming the complexity of mode-mixity in post-buckling. Hutchinson 
and Suo found the same eﬀect with increasing strain above buckling All of these analytical models [4] . 
generally assume: idealised damage (strut, circle or ellipse); a thin-ﬁlm boundary condition; and crack 
growth on a continuous front instead of  localised node Simpliﬁcations of the full mechanics of the at a . 
physical problem are applied in such models. 
The aim of this paper is to capture the critical behaviour eﬀecting the CAI strength of composite laminates 
and aid design. The model is created to produce a reliable and conservative approach to design. The unique 
features of the model are that accurate and eﬃcient buckling calculations are conducted using VICONOPT 
[21] software; bending energy is evaluated assuming that no post-buckled stiﬀness is developed in the 
sublaminate, exaggerating the Mode I bending energy available for propagation. The model is applicable to 
all loadings and non-standard angle designs; it compares (predominately) conservative total SERR to a a 
critical Mode I fracture toughness of the resin material. However it does not account for all forms of 
stiﬀness coupling. The complexity of impact damage  likely to provide mechanics that bypass is
assumptions of most models, nevertheless it is prudent to take a conservative outlook of such complexities 
especially with new laminate design concepts, such as use of non-standard ply angles. 
In the following sections we present the methodology which combines an analytical strain energy 
formulation with a numerical method for buckling analysis. A set of experimental results are then compared 
with predictions of this semi-analytical method. 
2 The post buckling delamina on propaga on model  
2.1 Model deriva on 
We consider thin-ﬁlm buckling of the sub-laminate created by an assumed circular region of delamination 
within a laminated plate. A general 2D deformation scenario is assumed to exist within the laminate where 
there is compatibility of strains at the laminate/sub-laminate boundary, these strains are also applied to the 
sub-laminate. We assume that the deformation of the laminate/sub-laminate remains purely elastic until the 
delamination starts to grow by propagation along the elliptical boundary, see Fig. 1(a). The energy, for 
propagation of the ellipse, arises from: (i) the reduction in membrane energy between unbuckled and 
buckled states and (ii)  the reduction in bending energy as the sub-laminate buckle relaxes. We assume that 
bending energy is simply the product of post-buckled end shortening and buckling load [22]. Our 
assumption neglects any post-buckled stiﬀness which will occur in practice, as a result of local stress 
variation in the sub-laminate A general strain state is converted to principal strain  removing shear strain . s,
from the problem. These assumptions eliminate the need for a mixed mode ﬁnite element formulation, 
involving variation in peeling, shearing and tearing forces along the delamination boundary. Instead, all of 
the energy is accumulated in bending the thin ﬁlm (without any post-buckled stiﬀness) and released in 
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Mode I fracture. The use of this equivalent energy approach simpliﬁes the formulation and leads to results 
which compare well with experimental tests as shown later.  
The energy diﬀerence between the energy in the unbuckled sub-laminate and post-buckled sub-laminate 
over the elliptical area see Fig. 1 (b), is given by , 
 
where,   is the membrane energy in the unbuckled sub-laminate,   and   are the membrane and 
bending energies in the post-buckled sub-laminate.  
In order to model propagation, we assume that growth can occur in    directions in Fig. 1(a) The post- or  . 
buckled bending energy is assumed to be similar to that of a strut, being the product of post-buckled end-
shortening and buckling load with no post-buckled stiﬀness ([22], page 171). Hence 
 
 is the vector of principal applied strain at buckling for the ﬁrst sub-laminate buckling mode and the 
applied strain  is a factor of the buckling strain;   F 
 
 is the membrane stiﬀness matrix of the sub-laminate as defined using classical lamination theory 
(CLT). 
 
If we represent buckling using the following approximations 
 
where  and  are buckling coeﬃcients and  is the vector of principal applied strain before buckling; 
         


 (1) 
  


  


 
 
    
(2) 
  



  and   , where    (3) 
   
  
  
  


 (4) 
 


 
and  
 


 
(5) 
for growth in 
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Assuming growth in  and substituting Eq. (5 in Eq. (2) we have  ) 
 
The energy release rate for growth in    is
 
The diﬀerence in the unbuckled () and post-buckled ( ) membrane energy from Eq. (1) is given by 
 
Then 
 
The total strain energy release rate with growth in    is
 
  



 (6) 
  


  


 (7) 


  


  


 (8) 
      


 
 



    
 


 
  


 
(9) 

 

 
  


 (10) 

 

 

  
 



  


   


 


 
 



      
 



     
( ) 11
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Using Eq. (3), we re-write Eq. as  (11) 
 
A similar expression can be created for growth in  
 
where 
 
Propagation occurs when the energy released, , by a small new area of delamination, , is equal to the  
critical value of Mode I strain energy release rate for the material G IC. Considering the symmetric 
delamination growth in Fig. 1(a), where the change in total elliptical energy  is utilized in growing two 
crack fronts simultaneously i.e. energy  is released at either edge of the ellipse as it grows by  in both  
directions along its major axis we can write  
 
Introducing the Leibniz notation for the chain rule produces; 
 
In order to determine , in Eq consider the schematic representations shown in Fig. 1(a). Once the   . 16) (
applied strain reaches the threshold strain, the delamination boundary grows along either the axis  by an 
amount (or along axis  by an amount ). It is not known  if the crack growth will occur along     a priori
  or  but growth occurs along the path that results in the minimum value of threshold strain. Thus, for the 
case in Fig. 1(a) where growth occurs along , the rate of change in length  with total crack area (   
) may therefore be formulated as follows. 
 
Substituting Eqs. (12), (13), (15 and (17) into (16 we get the following condition for propagation;  ) ) 





          (12) 

 


          
(13) 
 


     
(14) 

 

  
(15) 

  



 
 

  



 
(16) 





 
 

 


( ) 17
or growth in  f 
or growth in  f 
or growth in  f 
or growth in  f 
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Substituting the deﬁnition of  from Eq. 4) in Eq. (18), and considering only the initiation of crack (1
propagation, where,  represents the threshold value of load factor we get; F, 
 
Equation (19) may be simpliﬁed as; 
 
where   is the in-plane energy in terms of principal buckling strains from Eq. (19  The quadratic equation ).
(20) can be readily solved for  with roots and noting that compressive strains are positive and   > 1 for 
the post buckling response, we get;  
 
Thus using the deﬁnition of  , from Eq. (3), we may rewrite Eq. (21) in terms of the applied strain   as 
below,  
 
2.2 Buckling Analysis 
In the above expression, in addition to the material properties, the buckling strain vector  needs to be 
known . Buckling analysis can be readily conducted using either an FE based eigenvalue solver or a priori
using some other method. In this paper, the ﬁnite strip program VICONOPT [21] is used, since this is a 
computationally efficient and easy to implement method suitable for parametric optimization and evaluation 
of multiple design scenarios [23 26]. For panels and loadings that are prismatic in the direction, – x 
VICONOPT provides periodic solutions to the equilibrium equation that governs buckling; 
 
where Nx , Ny and Nxy are in-plane forces and D11, D12, D22, D16 and D66 are the bending stiﬀness terms of 
classical lamination theory, and  is out- -plane displacement. Equation (23) assumes that there is no w of
coupling between the -plane and out-of-plane deformation, i.e. no in  matrix. This assumption is true 
only for symmetric laminates, therefore in order to analyse non-symmetric layups VICONOPT deﬁnes an 
eﬀective  matrix that correctly directly relates moments and curvatures for these cases ([27], page 33); 
    (18) 
    
  
  
  
  (19) 
       (20) 
   

 
  (21) 
   

 
  (22) 


  

  
  

  

  


 


 


 


   
(23) 
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Hence, the terms of   are used instead of  in Eq. (23). The solution of this equation is via exact, 
periodic functions [28] of the form: 
 
where f1( ) and y f2( ) allow various boundary conditions to be applied on the longitudinal edges of panels, y
including free, simple, clamped and elastic supports. 
 
The delamination considered in this case is circular and the sub-laminates are either two or three layers 
thick with various ply orientations given in Table 1. VICONOPT divides the circular sub-laminate into a 
series of connected strips across its width where conditions of compatibility and equilibrium are satisﬁed 
along strip boundaries (node-lines) The half-. wavelengths λ in Eq. are defined by the  (25) radius of the 
elliptical sub-laminate 2  (see Fig. 1) divided by the number of half-wavelengths assumed along this length. a
The clamped boundary assumed around the perimeter of the circular delamination is represented using 
VICONOPT point supports [29 positioned around the circular circumference of the delamination and along ] 
the node-line of each strip. Buckling modes are constrained at these points, and so the continuous boundary 
is approximated by this series of point supports, shown as crosses in  Fig. 2 (right). We assume that the 
extent of the delaminated region is approximated by points at ten degree intervals around the circle (i.e. 18 
strips, 19 node lines and 36 point supports to represent the circular sub-laminate, see Fig. 2(right)). 
VICONOPT ﬁnds the mode of minimum energy, satisfying the boundary conditions applied at the point 
supports 9  [2 ].
 
In VICONOPT, buckling loading factors are derived through an eigenvalue analysis which is executed on 
the transcendental stiﬀness matrix derived from the solution of the governing differential of the constituent 
strips, Eq. (23  The transcendental eigenvalue problem requires an iterative solution that is performed using ).
the Wittrick-Williams algorithm [30]. The lowest buckling load found for a range of values of is taken as 
the critical buckling strain for the sub-laminate. A sensitivity analysis was carried out to establish that the 
number of strips used was suﬃcient to accurately determine the buckling strain and mode shapes, 
indicating convergence using 18 strips. 
Thermal curing stresses may become important when the sub-laminate is not balanced. Thus in each case 
the thermal curing loads were calculated by applying a thermal cooling step from the curing temperature of 
180  to room temperature of 20 . The normal and shear stresses on each ply within the sub-laminate were  
calculated and converted into equivalent line loads (shell edge loads) by multiplying these components with 
the thickness of the ply. These were then integrated over the total number of sub-laminate plies to determine 
the thermal curing load due to residual stresses. The edge loads obtained were applied as dead load inputs to 
the VICONOPT analysis ﬁle. The critical values of buckling strain,  and  , and the buckling mode 
shapes were obtained from the VICONOPT analysis. These values were then used in Eq. (22 to determine ) 
the threshold strain. 
3. Experimental valida on        
The model presented in this paper has been validated experimentally using, previously published [14,17] 
and unpublished data. All experimental compression tests were carried out on specially designed 
compression coupons that had a circular delamination, which was induced artificially during coupon 
manufacture. Coupons were constructed using unidirectional 0.25mm Hexcel T700GC/M21 pre-preg with 
material properties, E11 = 136 GPa, E22 = 8.9 GPa, G12 = 4.5 GPa, 12 = 0.35,     , 
       and GIC = 550 J/m2. A range of stacking sequences (Table 1) were used to 
     (24) 
   


  


 (25) 
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demonstrate the applicability of model. The specimens were hand laid, vacuum bagged and cured at 180 . 
The delamination was induced during the layup process by placing a 39mm diameter, 0.0125 mm thick, 
circular Teﬂon TM (Polytetraﬂuoroethylene) insert in the mid ( - ) location of the coupon. The insert was x y
placed either two or three plies below the surface, depending on the layup (see Table 1). This insert 
prevented bonding between the sub-laminate and laminate layers in the circular region. The depth and 
diameter of the delaminating insert were chosen to reﬂect the typically observed limits of BVID in 
composite aerospace structures. The compression coupons had an average length of 210 mm, width of 100 
mm, and a thickness of 4 mm. The details of all the laminates and sub-laminate combinations evaluated for 
model validation are provided in Table 1. 
Sub-laminate  Laminate (delamination indicated by //) Source 
02/90 [02/90//45/-45/45/-45/90/90/-45/45/-45/45/90/02] [14] 
02 [02//45/-45/90/45/-45/90/90/-45/45/90/-45/45/02] [14]  
15/30 [15/30//-30/-15/0/90/90/0/0/90/90/0/-15/-30/30/15] New 
0/902 [0/902//45/-45/45/-45/0/0/-45/45/-45/45/902/0] [14] 
90/0/90 [90/0/90//45/-45/45/-45/0/0/-45/45/-45/45/90/0/90] [14] 
902/0 [902/0//45/-45/45/-45/0/0/-45/45/-45/45/0/902] [14] 
0/45 [0/45//0/-45/90/45/-45/90/90/-45/45/90/-45/0/45/0] [14] 
15/60 [15/60//-60/-15/0/90/90/0/0/90/90/0/-15/-60/60/15] New 
±30 [30/-30//0/902/0/90/0/0/90/0/902/0/-30/30] [17] 
(±30)NS [30/-30//02/±30/30/-+60/±30/30/02/-30/30] [17] 
452 [452//-452/90/0/90/0/0/90/0/90/-452/452] [14] 
±45 [45/-45//02/-45/90/+45/90/90/+45/90/-45/02/-45/45] [14] 
Table 1: Layup of laminates and sub-laminates for test cases used for model validation. 
The compressive load was applied in displacement control in a Universal Testing Machine (UTM) using a 
compression rig with anti-buckling guides at a displacement rate of 0.1 mm/min. The anti-buckling guide 
has a circular window which allows sub-laminate buckling but restricts laminate buckling. The 
experimental setup ensures that the laminate is under uni-axial compressive strain,   and the transverse 
boundary is free. Thus, there is no shear strain and the assumed transverse strain is: 
 
where is the Poisson’s ratio of the laminate. 
The displacement and strain ﬁeld were measured using a Limess Digital Image Correlation (DIC) system 
employing a stereo pair of 1MP high speed Photron SA3 Cameras. Post-processing was undertaken using 
commercially available software VIC3D (by Correlated Solutions). Far ﬁeld strains were also recorded 
using strain gauges mounted on either side of the coupon. The DIC and strain gauge data was used in 
support of each other to determine the threshold strain. Further details of the procedure can be read from 
[14,17]. 
4. Results 
A summary of sub-laminate buckling and threshold strains from the model (Eq. (22)) and experiments for 
all laminates of Table 1 are given in Table 2 ercentage diﬀerence comparisons of the Plate model . P
threshold predictions to the experimental values are given for both GIC = 550 J/m2 [31 a] nd GIC 331 J/m= 2 
[32], values seen in the literature. Figure 3 presents the threshold data in graphical form for Strip [14] and 
Plate model comparisons to experiment. The values of c in Table 2 as well as th for the Strip model in 
Fig. 3 are slightly diﬀerent from the values presented in [14,17]. This is because the new analysis accounts 
for the curing residual stresses in the model (see section 2.3). Figure 4 shows FEA threshold results 
presented previously ] compared to experimental values[ 41 , 71 . The FEA used material properties of GIC = 
550 J/m2 GIIC 1550 J/m= 2 GI CII  1550 J/m= 2 and a  the Benzeggagh Kenane law to predict the n η = 1.75  in –
   (26) 
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point of crack initiation/propagation, see Eq. (27). Mode II and III properties were supplied by the Hexcel 
Corporation. See [14] for more details on the FEA. 
 
Figure 2 illustrates the alignment of the ellipse for the 0/45 sub-laminate for both experimental (DIC) and 
VICONOPT mode shape results. Figures 5 and 6 show load vs. strain data for the (new) experimental tests 
on the 15/60 and 15/30 sub-laminates, respectively. Insets show the sequence of events during loading as 
captured by DIC. Point (i) in Figure 6 for the 15/30 sub-laminate indicates the occurrence of intra-ply 
cracking in the surface ply before propagation of the delamination beyond the original area at point (ii). 
Delamination is deemed to have occurred once the buckled region spreads outside of the boundary of the 
original delaminated area which is indicated by a white circle in Figs. 5 and 6. The experimental threshold 
strain is calculated as the average strain of all strain gauges at this instant.  Figure 7 shows intra-ply cracks 
in the surface plies of the 02, 452 and 15/30 sub-laminates. For clarity, images for the 452 and 15/30 sub-
laminates are at load points signiﬁcantly higher than the load at which propagation outside of the originally 
delaminated region occurred. However, for each of  the 02, 452 and 15/30 sub-laminates intra-ply cracking 
of surface plies preceded propagation of delamination e.g. contrast insets (b) and (c) in Figure 6. 
 
Sub-
laminate  
  
VICONOPT 
  
Experiment 
  
FEA  
init. 
 
Experiment 
  
Plate model 
GIC = 550 
J/m2  
  
Plate model 
GIC = 331 
J/m2
Plate model vs Exp. 
Diﬀ. (%)** 
GIC = 550 
J/m2 
GIC = 331 
J/m2 
02 /90 1260 1060 2838 2650 2463 2037 -7% -23% 
02 648 1250 3583 3540* 2477 1910 -30%* -46%* 
15/30 758 1350 - 4490* 2995 2306 -33%* -49%* 
0/902 2430 2340 3806 4280 3700 – 3568 3142 -4% -15% 
90/0/90 2270 2630 3655 4260 3950 – 3474 3028 -12% -23% 
902/0 2430 2800 3811 3730 3568 3142 -4% -16% 
0/45 473 400 3035 2700 2500 – 3338 2543 34% 2% 
15/60 601 1450 - 3030 3703 2823 22% -7% 
±30 439 1000 4895 3600 3494 2662 -3% -26% 
(±30)NS 587 1700 5535 4150 4195 3196 1% -23% 
452 1730 1200 7862 7050 6310* – 5685 4423 -10%* -30%* 
±45 793 3010 7350 6700 5970 4548 -11% -32% 
* Intra-ply cracking occurred in the buckled surface plies prior to delamination propagation 
** % diﬀerence are for lower experimental values                                                                                                                              
Table 2: Comparison of experimental threshold strains with threshold strain prediction using FEA analysis [14,17] and 
the new Plate model (Eq. (22)) for GIC = 550 J/m2 and GIC = 331 J/m2. 
 
 
5. Discussion 
Comparison of experimental and VICONOPT sub-laminate buckling strain results in Table 2 shows 
VICONOPT predictions are typically conservative. Large diﬀerences are the result of adhesion between the 
sub-laminate and Teﬂon insert as has previously been discussed [14,17] In contrast this behaviour has been . 
concluded to be signiﬁcant as no difference was found when drilling a hole through the base laminate to in
remove any effects of an enclosed vacuum [33  Other diﬀerences are a consequence of the out- -plane ]. of
deformation of sub-laminates with extension-twist coupling (15/30, 15/60, ±30, (±30)NS, ±45), causing the 
sub-laminate mode shape to contact with the parent laminate from the start of loading; a non-linear eﬀect 
not dealt with in VICONOPT buckling analysis. However, once the buckling mode shape stabilises, as 
demonstrated in Figure 6, predicted buckling mode shapes are in agreement with experiments with regard to 
shape and alignment of major ellipse axes, see Figure 2.  
The value of GIC for T700GC/M21 has been found to vary  the literature and so Plate model threshold in
predictions and percentage difference to experiment are both included in Table 2 for GIC = 550 J/m2 [31] 
     
  
      


 
(27) 
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and GIC = 331 J/m2 [32], to show the eﬀect of this variation Only results for . GIC = 550 J/m2 are shown in 
Fig. 3 for the Plate and Strip model predictions and Fig. 4 for the FEA predictions from past papers. This 
larger value has provided accurate match to experiments when used in the model as well as FEA [14 ], , 71
and thus is kept for predictive purposes. Despite this, the value of GIC = 331 J/m2 has been proposed [32] 
via monitoring the applied loading and opening displacement in a single DCB test. A conservative 
reduction method, modiﬁed beam theory, was used to back calculate values of GIC at each stage of the crack 
length throughout the test, seeing standard deviation of ±19.2 J/ma 2. Doubt is cast on this value because 
using the same reduction method for GIIC produced a massively conservative value of 443 J/m2 (SD = 283 
J/m2) compared to 1550 J/m2, given by the manufacturer, and 1387 J/m 2 seen in [31]. Others have found GIC 
values between 450-700 J/m2 by equating the propagation load and/or displacement of analytical and FE 
methods with values prescribed by a standard DCB experiment [34]. The effect of this lower GIC value can 
be seen in Table 2 and predictions can be anywhere from 11.9-23.1% lower depending on the sublaminate 
stack. This lower value makes nearly all predictions conservative except for the 2% over conservatism for 
the 0/45 sublaminate. Large conservatism in design scenarios is potentially problematic if the model under 
predicts the point of failure by around 40% using this value of GIC (see Table 2). Therefore it is important to 
use the correct values of fracture toughness properties in delamination growth prediction models to produce 
designs that are not massively overdesigned. 
Post-buckling of the sub-laminate with increasing compressive loading in some cases leads to intra-ply 
cracking in surface plies prior to propagation outside the initially delaminated area; contrast DIC images (d) 
and (e) in Fig. 5 and (c) and (d) in Fig. 6. This is caused by bending stresses in the buckle resulting in  
tension and shear in the resin, leading to failure. Intra-ply cracking relieves stresses in the buckled sub-
laminate, reducing energy available for propagation thus increasing the threshold strain. Analysis of results 
in Table 2 and Figure 3 shows that signiﬁcant diﬀerences in experimental and predicted Plate model 
threshold strains occur for 02, 452 and 15/30 laminates. It is assumed that this is a consequence of intra-ply 
cracking as shown in Figure 7. In such cases the one-dimensional formulation of the threshold strain in 
[14,17] is more appropriate, see Figure 3. The 1D formulation does not contain contributions to the energy 
for propagation from Poisson’s ratio and transverse strains which is consistent with the effect of the intra-
ply crack. The delaminations here propagate in the ﬁbre directions and not necessarily transverse to the load 
as would be typically seen for uncracked sublaminates [35], e.g. the 0/0 sublaminate propagates in the 
ﬁbre/load direction. Results from the 1D formulation are within 8% of experimental results in cases where 
intra-ply cracks have formed in the buckled sub-laminate, see and . However, realistic impact Table 2 Fig. 3
events occurring during the service life of composite structures produce delamination at multiple interfaces 
and hence sub-laminates of varying and multiple thicknesses. As intra-ply cracking increases propagation 
strains for thin sub-laminates, propagation under compressive loading is likely to occur at deeper interfaces 
(i.e.10-20% of laminate thickness) where such ply cracking is less likely to relieve stresses. 
FEA threshold predictions from previous papers [14,17] are also shown in Table 2 and Figure 4 since they , 
account for the full post-buckling eﬀects and mode-mixity at the crack front. FEA results correlate well 
with experiments except for cases where there is a large amount of extension-twist coupling causing 
sublaminate/laminate contact (±30 and (±30)NS)  where the behaviour is dominated by intra-ply cracking or
(452), as neither are accounted for in the FEA model.  The 1D model match  the 0/0 result as the cracking es
shown in Fig. 7(c) facilitates strut type energy and behaviour. However, FEA results, which do not account 
for intra-ply cracking, also show good agreement. This is thought to be more coincidental as the large 
amount of cracking and the consequent displacement of the buckle nnot be captured by the FEA model ca
Inaccurate Plate model predictions may instead be seen to be due to mode-mixity eﬀects which are 
accounted for in the FEA. 
Figure 3 indicates similar variation of threshold strain with sub-laminate stiffness for the results produced 
by the Plate model and by experimental tests However, propagation of unbalanced sublaminates with . 
skewed mode shapes  not captured well by the Plate model. This is due to extension-shear coupling (in the is
15/30, 15/60, 0/45 and 45/45 sublaminates which gives rise to signiﬁcant Mode II contribution, not fully ) a 
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represented by the use of Mode energy and criterion in the simplifying assumptions of Section 2.1.a I  The 
bend-twist coupling that is also present in these sublaminates will cause a greater Mode II contribution. 
Ignoring sublaminates with these features results in  predictions that are conservative and within 12% of 
experimental propagation values. 
6. Conclusions 
A new Plate model for delamination propagation following sub-laminate buckling has been presented which 
is accurate to within 12% of experimental results for artificially delaminated laminates with balanced sub-
laminate stacking sequences. Intra-ply cracking of surface plies is seen to increase model conservatism. 
Thus the Plate model oﬀers a simple method for the prediction of compression after impact strength via 
consideration of 2D strain energy available for propagation. The model is computationally efficient making 
it suitable for use in optimisation procedures; as such it has potential to bring about a step change in design 
for damage tolerance in aerospace structures. Such design will lead to improvements in structural eﬃciency 
and enhanced product performance. 
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Figure 1: Idealised post-buckling and propagation of delaminated plate. (a) Plan view of elliptical delamination of 
area, , with potential growth . (b) Section B-B of (a).   
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Figure 2: Buckling mode shape comparison for the 0/45 sub-laminate. Left shows the experimentally observed stable 
buckling mode shape obtained using a DIC plot of out of plane displacement (w). The superimposed circle represents 
the boundary of the circular delaminated region. Right is the VICONOPT buckling mode shape for the same case. The 
crosses indicate VICONOPT point supports that present the extent of the circular delaminated region. Eighteen 
VICONOPT strips were used, producing nineteen node lines. 
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Figure 3: Comparison of threshold strain from the Strip [14] and Plate models and experiments for various sub-
laminates. Sub-laminates are arranged left to right based on highest to lowest eﬀective axial modulus (A11-A122/A22) in 
the 0° direction. * Intra-ply cracking occurred prior to propagation for these tests see Figure 7, .  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
18 
 
Figure 4: Comparison of threshold strain from the FEA [14,17] and experiments for various sub-laminates. Sub-
laminates are arranged left to right based on highest to lowest eﬀective axial modulus (A11-A122/A22) in the 0° direction. 
* Intra-ply cracking occurred prior to propagation for these tests, see Figure 7. 
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Figure 5: Load vs. Strain for four strain gauges on 15/60 sub-laminate. Approximate locations of strain gauges 1 and 3 
are indicated in (b); Gauges 2 and 4 are located on the opposite surface to Gauges 1 and 3, respectively. Insets show out-
of-plane displacement relative to an unloaded reference state. White circles indicate extent of original Teﬂon insert.  
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Figure 6: Load vs. Strain for four strain gauges on 15/30 sub-laminate. Strain gauge locations are indicated on (b); 
Gauges 2 and 4 are located on the opposite surface to Gauges 1 and 3, respectively. Insets show out-of-plane 
displacement relative to an unloaded reference state. White circles indicate extent of original Teflon insert. 
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Figure 7: Intra-ply cracks in the surface ply of sub-laminates: (a) 02 at 65kN, (b) 452 at 160kN; and (c) 15/30 at 160kN. 
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